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Abstract
A rack is a set with a binary operation such that left multiplications are
automorphisms of the set and a quandle is a rack satisfying a certain condi-
tion. For a finite connected rack the cycle type of the permutation defined
by left multiplication by an element is independent from the chosen element.
This cycle type is called the profile of the rack. Hayashi conjectured, in the
profile of a finite connected quandle, the length of a cycle must divide the
length of the largest cycle. In this paper, we prove Hayashi’s Conjecture in
some particular cases.
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1 Introduction
Racks and quandles are algebraic objects that are mostly studied in the context of knot
theory. The defining properties of those objects are in a sense compatible with the
Reidemeister moves which makes them useful to define knot invariants. For example, in
[1] Joyce introduced knot quandle and showed that it is a complete invariant for knots
and in [2] Fenn and Rourke proved that the fundamental rack is a complete invariant for
irreducible framed links in a 3-manifold. There are various notational conventions used
to define racks and quandles in literature. In this paper we define racks and quandles
in the following way.
A rack X is a set together with a binary operation ⊲ : X × X → X satisfying the
following two axioms:
(A1) for all x, y, z ∈ X we have x ⊲ (y ⊲ z) = (x ⊲ y) ⊲ (x ⊲ z)
(A2) for all x, z ∈ X there is a unique y ∈ X such that x ⊲ y = z
A rack X is a quandle if, additionally, it satisfies the following axiom:
(A3) for all x ∈ X we have x ⊲ x = x
∗I would like to thank to Volkmar Welker for suggesting me to work on Hayashi’s Conjecture.
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Let G be a group and for any two elements a, b ∈ G let a ⊲ b := aba−1. Then, the
group G as well as any conjugacy class of G satisfies those three axioms; hence equipped
with the conjugation operation ⊲ each one of them is an example of a quandle. More
generally, we call a subset X of G conjugation rack if it is a rack with the conjugation
operation inherited by the group.
In this paper we only consider finite racks, although some of the statements are also
valid for infinite racks. It is customary to identify elements of a finite rack X with
integers 1, 2, . . . , n if X has n elements. By axiom (A2), the map φx : y → x ⊲ y is a
permutation hence is an element of the symmetric group Sn of degree n. A permutation
σ ∈ Sn is an automorphism of X if and only if σ(x ⊲ y) = σ(x) ⊲σ(y) for every x, y ∈ X.
By axiom (A1), the map φx is an automorphism of X.
The set of all automorphisms of X, denoted Aut(X), form a subgroup of Sn which
is called the automorphism group of X. The map Φ: x 7→ φx defines a rack morphism
from X to Sn, where Sn is considered as a quandle with conjugation operation (see
Proposition 2). The inner automorphism group of X, denoted Inn(X), is the subgroup
of Aut(X) generated by the elements of Φ(X). Let σ be an automorphism of X. Since
σφxσ
−1 = φσ(x) for every x ∈ X, we see that Inn(X) is a normal subgroup of Aut(X).
In general Inn(X) and Aut(X) may be different groups.
A rack X is faithful if the map Φ: X → Inn(X) is injective. Suppose X is faithful.
Obviously, the map Φ is an isomorphism between X and Φ(X), hence X is a quandle.
Moreover, the center of the inner automorphism group is trivial and the action of Inn(X)
on Φ(X) by conjugation is faithful (see Proposition 2).
A rack X is connected if the action of its inner automorphism group on X itself is
transitive. Suppose X is a connected rack. In that case, any two elements of Φ(X) can
be conjugated by an element of Inn(X). Since in symmetric group conjugate elements
have the same cycle type, connectedness of X implies each element of Φ(X) has the
same cycle type. This cycle type λ = (λa00 , λ
a1
1 , . . . , λ
at
t ) is called the profile of X. Here
λs (0 ≤ s ≤ t) are ordered increasingly. Notice that x ⊲ x = x for every x ∈ X if
X is a quandle which means in the profile λ of a quandle X the value of the least
element λ0 must always be 1. The purpose of this paper is to prove some special cases
of the following conjecture which was stated by Hayashi originally for quandles (see [3,
Conjecture 1.1]).
Conjecture 1. For a finite connected rack X with profile λ = (λa00 , λ
a1
1 , . . . , λ
at
t ), each
λs (0 ≤ s ≤ t) divides λt.
Let G be a finite group, α be an automorphism of G, and H be a subgroup of G
pointwise fixed by α, i.e., α(h) = h for every h ∈ H. One can easily verify that the
coset space G/H with the operation xH ⊲ yH := xα(x−1y)H satisfies quandle axioms.
It is called the homogeneous quandle and denoted by (G,H,α). Any finite connected
quandle is isomorphic to a homogeneous quandle. Therefore, given the complete list
of transitive groups of degree n, it is possible to determine the complete list of non-
isomorphic connected quandles of n elements. This method is used by Vendramin to
compute all connected quandles having less than 48 elements. The list is available in
Rig [4], a GAP package designed for computations related to racks and quandles. In
Table 1 we present permutations of a quandle which is the fourth quandle with 12
elements in Vendramin’s list.
Let A be a finite abelian group and α be an automorphism of A. The corresponding
homogeneous quandle (A, 1, α) is called an affine quandle. Let β(x) := x − α(x) for
every x ∈ A. Observe that in (A, 1, α) the quandle operation is defined by
x ⊲ y := α(y − x) + x = α(y) + β(x) = β(x− y) + y
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Table 1: Permutations of SmallQuandle(12,4) in Rig
φ1 : (1)(5, 9)(2, 4, 3)(6, 12, 7, 10, 8, 11)
φ2 : (2)(6, 10)(1, 3, 4)(5, 11, 8, 9, 7, 12)
φ3 : (3)(7, 11)(1, 4, 2)(5, 12, 6, 9, 8, 10)
φ4 : (4)(8, 12)(1, 2, 3)(5, 10, 7, 9, 6, 11)
φ5 : (5)(1, 9)(6, 8, 7)(2, 12, 3, 10, 4, 11)
φ6 : (6)(2, 10)(5, 7, 8)(1, 11, 4, 9, 3, 12)
φ7 : (7)(3, 11)(5, 8, 6)(1, 12, 2, 9, 4, 10)
φ8 : (8)(4, 12)(5, 6, 7)(1, 10, 3, 9, 2, 11)
φ9 : (9)(1, 5)(10, 12, 11)(2, 8, 3, 6, 4, 7)
φ10 : (10)(2, 6)(9, 11, 12)(1, 7, 4, 5, 3, 8)
φ11 : (11)(3, 7)(9, 12, 10)(1, 8, 2, 5, 4, 6)
φ12 : (12)(4, 8)(9, 10, 11)(1, 6, 3, 5, 2, 7)
and the orbit of y under the action of inner automorphism group is y + β(A). Suppose
(A, 1, α) is connected. Then β must be a bijection of A. Moreover, the inner automor-
phism group is isomorphic to a cyclic extension of A, hence is solvable. Now, consider
the profile of (A, 1, α). Kajiwara and Nakayama proved in [5] that there must be an
element of A whose orbit size under the action of 〈φx〉 is the order of φx. Therefore,
Hayashi’s Conjecture holds for connected affine quandles.
Let C be a conjugacy class of a symmetric group Sd. Hence, the inner automorphism
group of C is either isomorphic to Ad or Sd. In particular Inn(C) is not solvable if
d ≥ 5. Let x be an element of C and let ℓ be the order of x in Sd. To prove Hayashi’s
Conjecture holds for C, one possible way is to find an element y of C so that xkyx−k 6= y
for 1 ≤ k < ℓ. However, this method seems to be not applicable for other classes of
groups as we don’t have an explicit description of the elements of conjugacy class C.
In Section 2 we review some of the important facts on the basic theory of racks
and quandles. We also reformulate Hayashi’s Conjecture in combinatorial and group
theoretical terms and prove some auxiliary results. In Section 3 we present our main
theorems. In particular we prove that Conjecture 1 holds when the inner automorphism
group acts on the rack primitively (see Theorem 8) and when the rack is a conjugacy
class in a symmetric group (see Theorem 9). In Section 4 we conclude the paper with a
couple of remarks.
2 Preliminaries
The reader may refer to [6] for the basic theory of racks and in particular to Lemma 1.7,
Lemma 1.9 and Proposition 3.2 of the same paper for alternative statements and proofs
of the following Proposition.
Proposition 2. Let X be a rack. Then following statements hold.
(i) The map Φ: X → Inn(X) defines a rack morphism between X and Φ(X) which is
an isomorphism if X is faithful.
(ii) If X is faithful, then the action of Inn(X) on X by automorphisms and on Φ(X)
by conjugation are isomorphic and the center of Inn(X) is trivial.
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(iii) If X is a conjugation rack and G := 〈X〉, then the map Φ: X → Φ(X) extends to
a map
Φ: G→ Inn(X),
which is a group homomorphism and Inn(X) ∼= G/Z(G).
(iv) The rack X is connected and faithful if and only if it is isomorphic, as a quandle,
to a conjugacy class C of a group G so that G = 〈C〉 and Z(G) = 1.
Proof. (i) Observe that for every x, y, z ∈ X the equality φx(y⊲z) = φx(y)⊲φx(z) holds
by axiom (A1). In other words φxφy = φx⊲yφx holds for any two elements x, y ∈ X.
However, this means the map Φ takes x ⊲ y into φxφyφ
−1
x = φx ⊲ φy and so Φ is a rack
morphism between X and Φ(X). Further if Φ is injective then X and Φ(X) would be
isomorphic quandles.
(ii) SupposeX is faithful. Pick an automorphism σ ∈ Inn(X). Since, for any x ∈ X,
Φ(σ · x) = Φ(σ(x)) = φσ(x) = σφxσ
−1 = σ · Φ(x),
we see that the map Φ defines an isomorphism between the actions of Inn(X) on X and
on Φ(X). Now, if σ lies in the center of Inn(X), then φσ(x) = σφxσ
−1 = φx for every
x ∈ X implying σ is the identity map on X since the map Φ: x 7→ φx is a bijection.
(iii) Consider the map Φ: G → Inn(X) taking an element g := yj . . . y2y1 of G,
written as the product of some elements yi ∈ X for 1 ≤ i ≤ j, to an element φg of the
inner automorphism group Inn(X), where φg is defined as the composition
φg := φyj . . . φy2φy1 .
Since, for any element x ∈ X we have
gxg−1 = (yj ⊲ . . . (y2 ⊲ (y1 ⊲ x)) . . . ) = φyj . . . φy2φy1(x),
the map Φ is well-defined and defines a surjective group homomorphism. Clearly, g ∈
Ker(Φ) if and only if φg is the identity map which is the case if and only if gxg
−1 = x
for every generator element x ∈ X.
(iv) Suppose X is faithful and connected. Since X is faithful, the rack X is isomor-
phic to the conjugation rack Φ(X) and since X is connected, conjugation rack Φ(X) is
a conjugacy class of the inner automorphism group Inn(X). By the previous part the
center of Inn(X) is trivial.
Conversely, suppose X is isomorphic to a conjugacy class C of a group G so that
G = 〈C〉 and Z(G) = 1. By the previous part, the rack C is connected and faithful.
Therefore X is faithful and connected as well.
Lemma 3 (see [6, Lemma 1.21]). Let X and Y be two racks and let f : X → Y be
a surjective rack homomorphism. Then, for any y1, y2 ∈ Y , the cardinalities of the
fibers f−1(y2) and f
−1(y1 ⊲ y2) are equal. In particular, every fiber of Y has the same
cardinality if Y is connected.
Proof. We show that there exist a bijective function B : X → X such that
B(f−1(y2)) ⊆ f
−1(y1 ⊲ y2) and B(f
−1(y1 ⊲ y2)) ⊆ f
−1(y2).
Let B(x) := a ⊲ x, where f(a) = y1. Observe that B
−1 = φ−1a ∈ Inn(X). Suppose
x ∈ f−1(y2). Then f(a ⊲ x) = f(a) ⊲ f(x) = y1 ⊲ y2. That is, B(x) ∈ f
−1(y1 ⊲ y2). Next,
suppose x ∈ f−1(y1 ⊲ y2). Then f(B
−1(x)) = fφ−1a (x) = φ
−1
f(a)f(x) = φ
−1
y1
(y1 ⊲ y2) = y2.
That is, B−1(x) ∈ f−1(y2).
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Let X be a rack and take two elements x, y of X. Let λxy be the orbit size of y and
λ¯xy be the orbit size of φy under the actions of 〈φx〉. By Lemma 3, Φ
−1 yields a partition
of X into a disjoint union of fibers of the same size. Observe that for any integer k the
element φkx(y) of X does not lie in the fiber Φ
−1(φy) unless φ
k
xφyφ
−k
x = φy. Therefore
λ¯xy divides λ
x
y . Furthermore, we have the following result.
Lemma 4. Let X be a finite connected rack. If Conjecture 1 holds for Φ(X), then it
holds for X as well.
Proof. Suppose contrarily Conjecture 1 holds for Φ(X) but not for X. If X is faithful,
by Proposition 2, the racks X and Φ(X) would be isomorphic. Thus the rack X cannot
be faithful. Let x be an element of X and ℓ be the order of φx. There must be a prime
divisor p of ℓ so that p does not divide λt, where λt is the length of the largest cycle in
the profile of X. Taking k = ℓ/p, the permutation φkx would have cycle type (1
a, pb) for
some integers a and b. By assumption Hayashi’s Conjecture holds for Φ(X). Hence φkx
centralize every element of Φ(X). In other words φkx lies in the center of Inn(X). Let y
be an element of X moved by φkx. Since X is connected, there exist an automorphism
σ ∈ Inn(X) taking x to y. However, the permutation σ is not centralized by φkx as
φkxσφ
−k
x takes x to an element other than y. This contradiction completes the proof.
Let X be a finite connected rack with profile is λ = (λa00 , λ
a1
1 , . . . , λ
at
t ) and let k
be an integer. For a permutation σ of X, the k-part of σ is the set of elements of X
which appears in a cycle of length k in the permutation σ. And the λs-part of X is the
multiset of λs-parts of elements of Φ(X). For example, if X is the fourth quandle with
12 elements in Vendramin’s list, using Table 1, we see that the 2-part of X is
{{5, 9}, {6, 10}, {7, 11}, {8, 12}, {1, 9}, {2, 10}, {3, 11}, {4, 12}, {1, 5}, {2, 6}, {3, 7}, {4, 8}}.
Lemma 5. Let X be a finite connected rack with profile λ = (λa00 , λ
a1
1 , . . . , λ
at
t ). Then
the number of occurrences of each element of X in the λs-part of X is same and equal
to asλs/f for each λs (0 ≤ s ≤ t), where f is the cardinality of a fiber of Φ.
Proof. Let σ be an element of Inn(X). Conjugating each element of Φ(X) with σ yields
a permutation of Φ(X). Since σφxσ
−1 = φσ(x), if σ(u) = v for some distinct elements
u and v of X then the number of occurrences of u and v in the λs-part of X would be
the same. The claim follows from the facts that X is connected and the cardinality of
Φ(X) is n/f , where n is the number of elements in X.
Let us review Conjecture 1 in combinatorial terms. Let X be a finite connected rack
with profile λ = (λa00 , λ
a1
1 , . . . , λ
at
t ) and k be an integer. For a permutation σ of X, the
k˜-part of σ is the set of elements of X which appears in a cycle whose length is a divisor
of k in the permutation σ. Let x, y be two elements of X. If an automorphism σ of X
centralizes φy, then as a permutation σ preserves λs-part of φy for each λs (0 ≤ s ≤ t).
LetK be the k˜-part of φx and L := X\K be the complement of K inX. If φ
k
x centralizes
φy, then φy centralizes φ
k
x as well. However, that means as a permutation φy preserves
the set K as well as the set L. Therefore, the k˜-part of φx coincides with the k˜-part of
φy as the cycle types of φx and φy are same.
Proposition 6. Let X be a finite connected rack with profile λ = (λa00 , λ
a1
1 , . . . , λ
at
t ) and
let x be an element of X. Suppose λs does not divide λt for some 0 ≤ s ≤ t. Then for
any element y of X there exists an integer k so that φkx is not the identity map and the
k˜-part of φx coincides with the k˜-part of φy.
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Proof. Let ℓ be the order of φx. Suppose λs does not divide λt for some 0 ≤ s ≤ t. Let p
be a prime divisor of λs which does not divide λt and let k = ℓ/p. Observe that neither
the λ˜s-part nor the k˜-part of φx is the whole of X. Moreover, any element of X lies in
at least one of those two parts of φx. Let y be an element of X. If y belongs to k˜-part of
φx, then y is fixed by φ
k
x. However, this means φ
k
x centralizes φy since φ
k
xφyφ
−k
x = φφkx(y).
Therefore, the k˜-part of φx coincides with the k˜-part of φy in this case as was explained
before. By a similar argument λ˜s-part of φx coincides with the λ˜s-part φy if y lies in
the λs-part of φx.
Next, we shall reformulate Conjecture 1 in group theoretical terms. Let X be a
finite connected rack and fix an element x ∈ X. Let F := 〈φx〉 be the subgroup of
G := Inn(X) generated by φx and H := CG(φx) be the centralizer of φx in G. Clearly,
F ≤ H. The action of G on Φ(X) by conjugation is equivalent to the action of G on
the coset space G/H by left multiplication. Let λ = (λa00 , λ
a1
1 , . . . , λ
at
t ) be the profile of
Φ(X). Then, the permutation φφx would correspond to the permutation
(H)(φxφy1H, . . . , φ
λ1
x φy1H) . . . (φxφyqH, . . . , φ
λs
x φyqH) . . . (φxφyrH, . . . , φ
λt
x φyrH),
where φyq (0 ≤ q ≤ r =
∑t
s=0 asλs) are some representative elements from the cycles of
φφx . Let q := (
∑s−1
i=0 aiλi) + j for some 1 ≤ j ≤ as. It should be clear that
λs =
|FφyqH|
|H|
.
More importantly, the subgroup 〈φλsx 〉 of F is also a subgroup of φyqHφ
−1
yq
.
Proposition 7. Let X be a finite connected faithful rack and x be an element of X. Let
F be the subgroup of Inn(X) generated by φx and H be the centralizer of φx in Inn(X).
Let λ = (λa00 , λ
a1
1 , . . . , λ
at
t ) be the profile of X. Then λs divides λt for each 0 ≤ s ≤ t if
and only if F intersects one of the conjugates of H trivially.
Proof. Suppose λs divides λt for each 0 ≤ s ≤ t. Then the order of φx is λt. By
Proposition 2 we know that X and Φ(X) have the same profiles. Therefore, the order
of φφx is λt as well. Moreover, there exists an element φy of Φ(X) lying in an orbit of
size λt under the action of F , which means the intersection of F with the centralizer of
φy is trivial.
Conversely, suppose F intersects one of the conjugates of H trivially. Let H be the
centralizer of φy. Then φy lies in an orbit whose length is the order of F . Hence, the
order of F must be λt.
3 Main results
Let G be a group acting transitively on a set Ω. A partition of a set is trivial if either
the partition consists of the whole set or it consists of the singletons. We say G acts
primitively on Ω if there is no non-trivial partition of Ω preserved by the action of G.
Let H be the stabilizer of an element x ∈ Ω. Then, the action of G on Ω is primitive
if and only if the stabilizer H is a maximal subgroup of G. To see this, observe that if
there exists a proper subgroup K of G that contains H strictly, then the cosets of K
would be unions of some of the cosets of H in G. However, this determines a non-trivial
partition of G/H preserved by the action of G.
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Theorem 8. Let X be a finite connected rack with profile λ = (λa00 , λ
a1
1 , . . . , λ
at
t ). If the
inner automorphism group Inn(X) acts primitively on X, then λs divides λt for each
0 ≤ s ≤ t.
Proof. Since fibers of Φ: X → Φ(X) form a non-trivial partition of X that is preserved
by the action of Inn(X), the quandles X and Φ(X) are isomorphic and have the same
profiles. Moreover, by Proposition 2 the center of Inn(X) is trivial.
Suppose contrarily λs does not divide λt for some 0 ≤ s ≤ t. Fix an element x ∈ X
and let F := 〈φx〉. Also, let H be the centralizer of φx in G := Inn(X). Take a conjugate
F ′ of F so that F ′ does not centralize F . Let H ′ be the centralizer of F ′ and I be the
intersection of F with H ′. By Proposition 7 the subgroup F intersects any conjugate
of H non-trivially. Therefore, I is a non-trivial subgroup of G. By assumption, G acts
on X primitively; hence, H is a maximal subgroup of G. Since I centralizes F ′, the
elements of I commutes with the elements of F ′. Now, I is centralized by H as well
as by F ′ so it lies in the center of G. However, the subgroup I is non-trivial and this
contradiction completes the proof.
Recall that in a symmetric group two elements are conjugate if and only if they
share the same cycle type. Let C be a conjugacy class in a symmetric group Sd. Recall
that a conjugacy class generates a normal subgroup of the group. Therefore, if d ≥ 5,
as a quandle the inner automorphism group Inn(C) of C is isomorphic to the symmetric
group Sd when C is the conjugacy class of an odd permutation and it is isomorphic to
the alternating group Ad when C is the conjugacy class of an even permutation different
from the identity permutation. Observe that C is faithful when d ≥ 5 by Proposition 2,
since the centers of Ad and Sd are trivial.
Theorem 9. Let C be a conjugacy class in a symmetric group Sd which is connected
as a quandle. If λ = (λa00 , λ
a1
1 , . . . , λ
at
t ) is the profile of C, then λs divides λt for each
0 ≤ s ≤ t.
Proof. First, we show that C is faithful if it is connected. Clearly, C is faithful if it is
the conjugacy class of the identity element. If C is a central non-identity element of Sd,
then C cannot be connected contrary to the assumption. Suppose C is the conjugacy
class of a non-central element. If d = 3, there are two possibilities. Either C is the
conjugacy class of (1, 2) or it is the conjugacy class of (1, 2, 3). In the first case, the
inner automorphism group is S3 and since the center of S3 is trivial, C is faithful by
Proposition 2. The latter possibility cannot occur as the conjugacy class of (1, 2, 3) is
not connected as a rack. If d = 4, there are four possibilities. The conjugacy class of
(1, 2) generates S4. Since the center of S4 is trivial, the conjugacy of (1, 2) is faithful.
Likewise the conjugacy class of (1, 2, 3, 4) generates S4 and so it is faithful as well. The
conjugacy class of (1, 2, 3) generates A4 and the center of A4 is trivial also. Hence, the
conjugacy class of (1, 2, 3) is faithful. Finally, the conjugacy class of (1, 2)(3, 4) generates
an abelian subgroup so it is not connected. From the previous explanations we know
that C is faithful when d ≥ 5.
Now, fix an element x of C and let µ = (µb00 , µ
b1
1 , . . . , µ
br
r ) be the cycle type of x in
Sd. By Proposition 2 the inner automorphism group Inn(C) is isomorphic to either Sd
or Ad. Moreover, since the map Φ: C → Inn(C) extends to a group isomorphism, using
Proposition 7, it is enough to show that 〈x〉 intersects the centralizer of some element y
of C trivially. Suppose r ≥ 1. Let y be an element of C having the following property:
For any 0 ≤ s ≤ r the µs-parts of x and y are not coinciding. If the value of r ≥ 1, the
existence of y in Sd or Ad is clear. Let ℓ be the order of x and k be an integer dividing
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ℓ. Obviously, xk does not centralize y unless k = ℓ. Hence the Theorem holds when C is
the conjugacy class of an element containing at least two cycles of different lengths in its
cycle decomposition. Next, suppose r = 0. In that case d = b0µ0 and the order of x is
µ0. In turn, the order of φx is µ0 as well and we may assume µ0 is neither 1 nor a prime
power since the Theorem holds trivially in those cases. Recall that the centralizer of x
in Sd is isomorphic to Cµ0 ≀ Sb0 , where Cµ0 is the cyclic group of order µ0. Moreover,
for some conjugate y of x the intersection of 〈x〉 with the centralizer of y is trivial when
µ0 ≥ 6. This completes the proof.
4 Remarks
In this section we shall make a couple of remarks.
• In Lemma 4 we see that if Conjecture 1 holds for a rack X then it holds for Φ(X)
as well. Hence to prove Conjecture 1 it is enough to prove it for finite connected
faithful racks since the sequence X → Φ(X) → Φ(Φ(X)) · · · must stabilize for
finite racks.
• Theorem 9 holds also for any connected rack whose inner automorphism group is
isomorphic to a symmetric group in virtue of Lemma 4.
• The proof of Theorem 9 can be adapted to work when C is the conjugacy class of
an alternating group. Notice that a conjugacy class of a simple group is necessarily
is connected as a quandle. The only complication arises when a conjugacy class
of Ad is not a conjugacy class of Sd. Actually this may happen. Let x be an even
permutation of Sn whose cycle type is µ = (µ
b0
0 , µ
b1
1 , . . . , µ
br
r ). The conjugacy class
of x in Sn splits into two different conjugacy classes in An if µs is an odd number
and bs = 1 for every 0 ≤ s ≤ r. Otherwise, the conjugacy class of x in Sn is same
with the conjugacy class of x in An. Even in the former case, fixing an element x
of C, we can show that there exist an element y of C so that the centralizer of y
intersects 〈x〉 trivially.
• Let X be a finite connected faithful rack of n elements and x be an element
of X. Let F := 〈x〉 and H := CInn(X)(φx). Suppose X is a counter example
for Conjecture 1. By Proposition 7 we see that the subgroup F intersects any
conjugate of H non-trivially. Let m be the number of minimal subgroups of F .
Since F is a cyclic group, this number is equal to the number of prime divisors of
the order of φx. Let h be the number of conjugates of H. Clearly, this number is at
most n. By the pigeonhole principle, there exists a minimal subgroupM := 〈φkx〉 of
F contained by at least ⌈h/m⌉ many conjugates of H. For a group this condition
is very stringent as the value of m is at most log log(|Inn(X)|). However, a simple
counting argument is not enough to derive a contradiction.
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